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Name:

1. Prove that the following axiomatic systems are equipollent.

System A:
Axiom I: ∀x xRx
Axiom II: ∀x, y, z xRy ∧ yRz → xRz

System B:
Axiom I′: ∀x xRx
Axiom II′: ∀w, x, y, z wRx ∧ xRy ∧ yRz → wRz

2. Consider the following miniature deductive theory which consists of the following definition and
two axioms:

Definition: K = L
def←→ K ⊆ L ∧ L ⊆ K

Axiom 1: K ⊆ K
Axiom 2: M ⊆ K ∩ L←→M ⊆ K ∧M ⊆ L

Furthermore, we agree to use in the proof of any theorem only the following rules and laws:

(a) The Rule of Detachment,
(b) The Rule of Substitution,
(c) The Rule of And Joining Together,
(d) The Law of And Breaking Apart.

Prove the following theorem:

Theorem 1: L ⊆M −→ L ∩M = L

Hints: Assume the hypothesis and also write out the definition of L∩M = L. Your goal is to arrive
at the two sentences L∩M ⊆ L and L ⊆ L∩M . For the first of these sentences, start by using an
instance of Axiom 1 to arrive at L ∩M ⊆ L ∩M and perform a suitable substitution on Axiom 2
so that the Rule of Substitution can be applied to your instance of Axioms 1 and 2, finally apply
the Law of And Breaking Apart. For the second of these sentences, use an instance of Axiom 2
so the left hand side is the sentence desired. Hopefully you can get to the second sentence after
a few more logical steps, which may include an instance of Axiom 1 and the Rule of And Joining
Together. Once you have the two sentences, look at the definition of L ∩M = L you wrote at the
beginning of the proof.


